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The Invariant Densities for Maps Modeling
Intermittency
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For a one-parameter family of maps modeling intermittency the explicit formula
of the invariant density is presented.
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In ref. 2 the maps
Tx=(l+¢&)x+(1—¢)x* (modl) (0Ke<2)

are used as simplified models to discuss the phenomenon of intermittency.
Quoting the author, intermittency is the ‘seemingly random alternation of
long regular or laminar phases and short irregular or turbulent bursts.” The
above maps display this phenomenon if ¢ (or 2 —¢) is small, and in very
strong form if e=0 (or ¢=2).

A central tool in the analysis of the dynamics of such maps is the
invariant measure. It follows from standard results (see, e.g., refs. 1 and 3)
that for each ee [0, 2] the map T has a unique invariant measure u equiv-
alent to Lebesgue measure, which is finite if 0 <& <2 and infinite if =0 or
e=2. In fact, it follows that the invariant density du/dA has a version h
which is continuous (even analytic) and positive on [0, 1] if 0 <e <2, and
takes the form Aq(x)/x, resp. hy(x)/(1 — x), in case e=0, resp. ¢ =2, where
hy is continuous and positive on [0, 1]. The question now is whether one
can find these densities explicitly.

In ref. 2, using analytic arguments, the author obtains the term

4

m (¢ constant)
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as an approximation to the invariant density for small ¢ and x. A more
intuitive version of this argument yielding the same approximation could
be as follows.

Let 4 be as above, let ¢ and x be small, and let A=[x, 1[. By the
stationarity of 4,

pANT "4 =p(A AT 4)

i.e., the amount of mass in 4 transported to A in one step is the same as
that in A€ transported to 4. Note that 7 has two full branches. Let «
denote the point of discontinuity, and let u,, resp. u,, denote the inverse
function of T restricted to [0, af, resp. [«, 1[. Then,

MANTA%) = p([a, uy(x)[) = h(a) u\(0) - x

and
(AT A) = p([ug(x), x[) = A(x)(x — ug(x))
Tx—x
~hix) 1+¢
and hence
cx c

h(x)sz—x=e+(1—£)x

The purpose of this note is to communicate the following result.

Proposition. For each ¢€{0, 2],

1 1
)= i x T ira—ox SO

Proof. The straightforward method of proof is to verify Kuzmin’s
equation

h=houy ug+hou,-u)
by calculating the functions u,, 1, explicitly. In order to give some insight
into the process of finding A, we proceed in a different way.

Let g(x)=(14+¢&)x+(1—¢)x? xe[0, 1[, and let & be a nonnegative
measurable function on [0, 1{. Define the function » on [0, 2[ by

Y=hog=' (g~
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so that
h=y-g-g" on [0,1[
Since
glug(x))=x  and  gu(x))=x+1
we have
h(uo(x)) tio(x) = th(x)
and

Au(x)) uy(x)=yY(x+1) for xe[0,1[
Therefore 4 is a solution of the Kuzmin equation if and only if

Y(g(x)) - g'(x)=y(x) +¥(x+1) (*)

Thus we see that & is an invariant density for 7 if and only if
h(x)=¥(x)+y¥(x+1)

where  is a nonnegative measurable function on [0, 2[ satisfying (*).
(Equation (*) is just the Kuzmin equation for the conjugated map
S=goTog~'on [0,2[.)

The approximation resulting from the heuristic considerations suggests
that we start the trial and error procedure to find the function ¥ with
U(x)=1/[e+ (1 —¢)x]. We have

et+(l—¢)gx)=[e+(1—¢)x][e+ (1 —e}x+1)]

and logarithmic differentiation shows that this choice of ¥ is in fact the
correct one. ||
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